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Data Diversity
Unstructured, heterogeneous and incomplete information:

Credit: https://www.mathworks.com/help/textanalytics/gs/getting-started-with-topic-modeling.html, https://www.alliance-scotland.org.uk/alliance-homepage-holding-people-networking-2017-01-3/, 

https://medicalxpress.com/news/2015-04-tumor-only-genetic-sequencing-misguide-cancer.html, https://www.nature.com/articles/nature21386/figures/1, https://viterbi-web.usc.edu/ soltanol/RSC.pdf, Dzenan Hamzic 2
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https://www.alliance-scotland.org.uk/alliance-homepage-holding-people-networking-2017-01-3/


Matrix Representations

3Credit (upper right): https://viterbi-web.usc.edu/ soltanol/RSC.pdf.
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Object-by-feature (           ): 

• Texts: document-term;


• Genetics: individual-marker;


• Recomm. systems: user-item.

n ⇥ n

1

Object-by-object (           ): 

• Networks: adjacency matrices.



Matrix Representations

Common belief:  high ambient dim. but low intrinsic dim.


Low-rank approximation:
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Matrix Representations
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10Principal Component Analysis (PCA)  
 

                              — truncated SVD
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Example: Genes Mirror Geography within Europe
Novembre et al. (2008), Nature.
n = 1387 individuals and d = 197146 SNPs;
Figure 1a: 2-dim. embedding vs. labels.

The direction of the PC1 axis and its relative strength may reflect a
special role for this geographic axis in the demographic history of
Europeans (as first suggested in ref. 10). PC1 aligns north-northwest/
south-southeast (NNW/SSE, 216 degrees) and accounts for
approximately twice the amount of variation as PC2 (0.30% versus
0.15%, first eigenvalue5 4.09, second eigenvalue5 2.04). However,
caution is required because the direction and relative strength of the
PC axes are affected by factors such as the spatial distribution of
samples (results not shown, also see ref. 9). More robust evidence
for the importance of a roughly NNW/SSE axis in Europe is that, in
these same data, haplotype diversity decreases from south to north
(A.A. et al., submitted). As the fine-scale spatial structure evident in
Fig. 1 suggests, European DNA samples can be very informative
about the geographical origins of their donors. Using a multi-
ple-regression-based assignment approach, one can place 50% of

individuals within 310 km of their reported origin and 90% within
700 km of their origin (Fig. 2 and Supplementary Table 4, results
based on populations with n. 6). Across all populations, 50% of
individuals are placed within 540 km of their reported origin, and
90% of individuals within 840 km (Supplementary Fig. 3 and
Supplementary Table 4). These numbers exclude individuals who
reported mixed grandparental ancestry, who are typically assigned
to locations between those expected from their grandparental origins
(results not shown). Note that distances of assignments from
reported origin may be reduced if finer-scale information on origin
were available for each individual.

Population structure poses awell-recognized challenge for disease-
association studies (for example, refs 11–13). The results obtained
here reinforce that the geographic distribution of a sample is impor-
tant to consider when evaluating genome-wide association studies
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Figure 1 | Population structure within Europe. a, A statistical summary of
genetic data from 1,387 Europeans based on principal component axis one
(PC1) and axis two (PC2). Small coloured labels represent individuals and
large coloured points represent median PC1 and PC2 values for each
country. The inset map provides a key to the labels. The PC axes are rotated
to emphasize the similarity to the geographic map of Europe. AL, Albania;
AT, Austria; BA, Bosnia-Herzegovina; BE, Belgium; BG, Bulgaria; CH,
Switzerland; CY, Cyprus; CZ, Czech Republic; DE, Germany; DK, Denmark;
ES, Spain; FI, Finland; FR, France; GB, United Kingdom; GR, Greece; HR,

Croatia; HU, Hungary; IE, Ireland; IT, Italy; KS, Kosovo; LV, Latvia; MK,
Macedonia; NO, Norway; NL, Netherlands; PL, Poland; PT, Portugal; RO,
Romania; RS, Serbia and Montenegro; RU, Russia, Sct, Scotland; SE,
Sweden; SI, Slovenia; SK, Slovakia; TR, Turkey; UA, Ukraine; YG,
Yugoslavia. b, A magnification of the area around Switzerland from
a showing differentiation within Switzerland by language. c, Genetic
similarity versus geographic distance. Median genetic correlation between
pairs of individuals as a function of geographic distance between their
respective populations.
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Outline

• Distributed PCA and linearization of eigenvectors


• An ℓp theory for spectral methods


• Summary and future directions



Distributed PCA and

linearization of eigenvectors



Principal Component Analysis
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Data:                       i.i.d.,               ,                       .

Goal: estimate the principal subspace 
          spanned by the K leading eigenvectors of    .

PCA:                                                                              
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nku�Aū/�̄k1 < "n) > 1� n

�3
.

p
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nku� ūk1 > 1, sgn(u) = sgn(ū)!
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Distributed PCA
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Related works:  Mcdonald et al. 2009; Zhang et al. 2013; Lee et 
al., 2015; Battey et al., 2015; Qu et al. 2002; El Karoui and 
d’Aspremont 2010; Liang et al. 2014.

1. PCA in parallel: the ℓ-th machine conducts

                                                                       

         and sends        to the central server;


2. Aggregation:                                           .                          

m local machines in total, each has n samples.
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nku� ūk1 > 1, sgn(u) = sgn(ū)!
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1

n

nX

i=1

�f(Xi) ⇡ ⌫.

min
f2F

D(f#⇢̂n, ⌫).

�k(A) = min
V✓Cn

dim(V)=n+1�k

max
x2V

kxk=1

hx,Axi.

1111F1111
1111⌫1111
1111D1111

Xi ⇠
(
(µ1,⌃), if `i = 1

(µ�1,⌃), if `i = �1
.

Xi ⇠
(
(µ,⌃), if `i = 1

(�µ,⌃), if `i = �1
.

Xi = µ`i +⌃1/2Zi P(`i = 1) = P(`i = �1) = 1/2

P(
p
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P(Aij = 1) =

(
p, if i, j or i, j

q, if i, j or i, j
.

|J | = |J
c
| = n

2

eO
✓
n

d
_

d
2

n

◆

|↵+ �>Xi| ⇡ 1

min
↵2R, �2Rd

⇢
1

n

nX

i=1

f(↵+ �>Xi) +
1

2
(↵+ �>X̄)2

�
.

#{i : ↵+ �>Xi ⇡ 1} ⇡ 1/2
111

1
2 (µ1,⌃) + 1

2 (µ2,⌃)

min
f2F

D(f#⇢̂n, ⌫)

SNR =
kµk42

k⌃k2kµk22 + k⌃k2F/n
� 1,

{Xi}
n
i=1 ⇠

1
2N(µ, Id) +

1
2N(�µ, Id)

1



How to find                that best summarizes              ?

• Subspace distance:


• Least squares:           


• Algorithm:


Center of Subspaces

13
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2(V , Û (`)).

⇢(V ,W ) = kV V >
�WW>

kF.
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kÛ (`)Û (`)>
�UU>

kF . k(⌃̂(`)
�⌃)UkF/�.

f : Rd⇥d
! Rd⇥d
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kÛ (`)Û (`)>
�UU>

kF . k(⌃̂(`)
�⌃)UkF/�.

f : Rd⇥d
! Rd⇥d
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P(Aij = 1) =

(
p, if i, j or i, j

q, if i, j or i, j
.

1

There exists constant C such that when                       ,

 Theorem (FWWZ, AoS 2019)

k⌃�1/2Xik 2 . 1
r = Tr(⌃)/�1,  = �1/(�K � �K+1).

n � C
2
p
Kr

���kÛÛ>
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nku�Aū/�̄k1 < "n) > 1� n

�3
.

1



Analysis of Aggregation

17

   : eigenvectors of                         .1
m

Pm
`=1 Û
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Û = argmin
V 2Od⇥K

mX

`=1

⇢
2(V , Û (`)).
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nku� ūk1 > 1, sgn(u) = sgn(ū)!
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Û = argmin
V 2Od⇥K

mX

`=1

⇢
2(V , Û (`)).
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   : eigenvectors of                         .

Averaging reduces variance but retains bias.

• Variance: controlled by Davis-Kahan:

• Bias: how large it is?
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P(Aij = 1) =

(
p, if i, j or i, j

q, if i, j or i, j
.

|J | = |J
c
| = n

2

eO
✓
n

d
_

d
2

n

◆

|↵+ �>Xi| ⇡ 1

min
↵2R, �2Rd

⇢
1

n

nX

i=1

f(↵+ �>Xi) +
1

2
(↵+ �>X̄)2

�
.

1

X(1)
2 Rn⇥d X(m)

2 Rn⇥d Û (1)
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nku�Aū/�̄k1 < "n) > 1� n

�3
.

p
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2(V , Û (`)).

⇢(V ,W ) = kV V >
�WW>

kF.
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More precise than Davis-Kahan:

PCA has small bias:
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Û (`)

1

n

nX

i=1

�f(Xi) ⇡ ⌫.

min
f2F

D(f#⇢̂n, ⌫).

�k(A) = min
V✓Cn

dim(V)=n+1�k

max
x2V

kxk=1

hx,Axi.

1111F1111
1111⌫1111
1111D1111

Xi ⇠

(
(µ1,⌃), if `i = 1

(µ�1,⌃), if `i = �1
.

Xi ⇠

(
(µ,⌃), if `i = 1

(�µ,⌃), if `i = �1
.

Xi = µ`i +⌃1/2Zi P(`i = 1) = P(`i = �1) = 1/2

P(
p
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nku�Aū/�̄k1 < "n) > 1� n

�3
.

p
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kE(Û (`)Û (`)>)�UU>
kF . [k(⌃̂(`)

�⌃)UkF/�]2.
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kÛ (`)Û (`)>
� [UU> + f(⌃̂(`)

�⌃)]kF . [k(⌃̂(`)
�⌃)UkF/�]2,
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Û = argmin
V 2Od⇥K

mX

`=1

⇢
2(V , Û (`)).
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Summary
Theoretical guarantees for distributed PCA:


• Bias and variance of PCA;


• Linearization of eigenvectors, high-order Davis-Kahan.


Paper (alphabetical order):


• Fan, Wang, Wang and Zhu. Distributed estimation of 
principal eigenspaces. The Annals of Statistics, 2019.
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Example: Genes Mirror Geography within Europe
Novembre et al. (2008), Nature.
n = 1387 individuals and d = 197146 SNPs;
Figure 1a: 2-dim. embedding vs. labels.

The direction of the PC1 axis and its relative strength may reflect a
special role for this geographic axis in the demographic history of
Europeans (as first suggested in ref. 10). PC1 aligns north-northwest/
south-southeast (NNW/SSE, 216 degrees) and accounts for
approximately twice the amount of variation as PC2 (0.30% versus
0.15%, first eigenvalue5 4.09, second eigenvalue5 2.04). However,
caution is required because the direction and relative strength of the
PC axes are affected by factors such as the spatial distribution of
samples (results not shown, also see ref. 9). More robust evidence
for the importance of a roughly NNW/SSE axis in Europe is that, in
these same data, haplotype diversity decreases from south to north
(A.A. et al., submitted). As the fine-scale spatial structure evident in
Fig. 1 suggests, European DNA samples can be very informative
about the geographical origins of their donors. Using a multi-
ple-regression-based assignment approach, one can place 50% of

individuals within 310 km of their reported origin and 90% within
700 km of their origin (Fig. 2 and Supplementary Table 4, results
based on populations with n. 6). Across all populations, 50% of
individuals are placed within 540 km of their reported origin, and
90% of individuals within 840 km (Supplementary Fig. 3 and
Supplementary Table 4). These numbers exclude individuals who
reported mixed grandparental ancestry, who are typically assigned
to locations between those expected from their grandparental origins
(results not shown). Note that distances of assignments from
reported origin may be reduced if finer-scale information on origin
were available for each individual.

Population structure poses awell-recognized challenge for disease-
association studies (for example, refs 11–13). The results obtained
here reinforce that the geographic distribution of a sample is impor-
tant to consider when evaluating genome-wide association studies
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Figure 1 | Population structure within Europe. a, A statistical summary of
genetic data from 1,387 Europeans based on principal component axis one
(PC1) and axis two (PC2). Small coloured labels represent individuals and
large coloured points represent median PC1 and PC2 values for each
country. The inset map provides a key to the labels. The PC axes are rotated
to emphasize the similarity to the geographic map of Europe. AL, Albania;
AT, Austria; BA, Bosnia-Herzegovina; BE, Belgium; BG, Bulgaria; CH,
Switzerland; CY, Cyprus; CZ, Czech Republic; DE, Germany; DK, Denmark;
ES, Spain; FI, Finland; FR, France; GB, United Kingdom; GR, Greece; HR,

Croatia; HU, Hungary; IE, Ireland; IT, Italy; KS, Kosovo; LV, Latvia; MK,
Macedonia; NO, Norway; NL, Netherlands; PL, Poland; PT, Portugal; RO,
Romania; RS, Serbia and Montenegro; RU, Russia, Sct, Scotland; SE,
Sweden; SI, Slovenia; SK, Slovakia; TR, Turkey; UA, Ukraine; YG,
Yugoslavia. b, A magnification of the area around Switzerland from
a showing differentiation within Switzerland by language. c, Genetic
similarity versus geographic distance. Median genetic correlation between
pairs of individuals as a function of geographic distance between their
respective populations.
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A Pipeline for Spectral Methods

1. Similarity matrix construction 
    e.g. Gram          , adjacency    ;


2. Spectral decomposition 
    get r eigen-pairs                  ;


3. r-dim. embedding 
    e.g. using the rows of                        ;


4. Downstream tasks 
    e.g. visualization.

XX>

1

A

1

�
�j,uj

 r

j=1

1

(u1,u2, . . . ,ur)

1

Ext.: { robust, probabilistic, sparse, nonnegative } PCA.
Pearson (1901), Hotelling (1933), Schölkopf (1997), Tipping and Bishop (1999), Shi and 
Malik (2000), Ng et al. (2002), Belkin and Niyogi (2003), Von Luxburg (2007)
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An ℓp theory for spectral methods


• Network analysis and Wigner-type matrices 

• Mixture model and Wishart-type matrices



Community Detection and SBM

25

Community detection in networks:

Credit: Yuxin Chen.



Community Detection and SBM
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Community detection in networks:

Credit: Yuxin Chen.

Symmetric adjacency matrix                       ,                       :


 Stochastic Block Model (Holland et al., 1983)

A 2 {0, 1}n⇥n

1

McSherry (2001), Coja-Oghlan (2006), Rohe et al. (2011), Mossel et al. (2013), Massoulie (2014), 
Lelarge et al. (2015), Chin et al. (2015), Abbe et al. (2016), Zhang and Zhou (2016).

|J | = |Jc| = n
2

1

P(Aij = 1) =

(
p, if i, j or i, j

q, if i, j or i, j
.

|J | = |Jc| = n
2

1



The 2nd eigenvector                              reveals           .

Community Detection and SBM

27

ū =
1p
n
(1J � 1Jc)

1

(J, Jc)

1
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✓
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=
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1

Credit: Yuxin Chen.



To recover           , we need            in a uniform way.

Classical ℓ2 bounds (Davis and Kahan, 1970) are too loose!

The 2nd eigenvector                              reveals           .

Community Detection and SBM
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ū =
1p
n
(1J � 1Jc)

1

(J, Jc)

1

u ⇡ ū

1

(J, Jc)

1

 Spectral method: 
 

the 2nd eigenvector          .  sgn(u)

1

u

1

A

1

SVD
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✓
p1J,J q1J,Jc

q1Jc,J p1Jc,Jc

◆
=

p+ q

2n
11> +

p� q
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�
.

1



 

Let          and                                                          .
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Optimality of Spectral Method

a 6= b

1

 Theorem (AFWZ, AoS 2020+)

• Exact recovery w.h.p. when                         ;


• Error rate                     when                         .


• Optimality (Abbe et al., 2016; Zhang and Zhou, 2016).

�p
a�

p
b
�2

> 2

1

n�(
p
a�

p
b)2/2

1

�p
a�

p
b
�2  2

1

P(Aij = 1) =

(
a logn

n , if i, j or i, j
b logn

n , if i, j or i, j

P(Aij = 1) =

(
p, if i, j or i, j

q, if i, j or i, j
.

|J | = |Jc| = n
2

1
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Optimality of Spectral Method

Key ingredients:
• Entrywise linear approximation                                     ;
• Weighted sum of independent Bernoulli variables.

u = Au/� ⇡ Aū/�̄

1

 

Let          and                                                          .a 6= b

1

 Theorem (AFWZ, AoS 2020+)

• Exact recovery w.h.p. when                         ;


• Error rate                     when                         .


• Optimality (Abbe et al., 2016; Zhang and Zhou, 2016).
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P(Aij = 1) =
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q, if i, j or i, j
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|J | = |Jc| = n
2

1
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 Theorem (Linear approximation)

ℓ∞ Analysis: Linearization

31
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 Theorem (Linear approximation)

ℓ∞ Analysis: Linearization

General results (AFWZ, AoS 2020+)

• Singular vectors of Wigner-type matrices:
‣ Symmetric, independent entries above the diagonal;
‣ Rectangular, independent entries;

•                                                                          ;

• Applications: synchronization, matrix completion, (inference).
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Merits and demerits of ℓ∞ analysis

Characterizes individual objects precisely

‣ Results and tools apply to ncvx opt. (MWCC, FoCM 2019);

Requires strong signals for uniform control: 

‣ e.g. degree             for SBM.

Successor: ℓp analysis with p < ∞

• Controls a vast majority of the entries.

A General ℓ∞ Theory 

& log n

1



An ℓp theory for spectral methods

• Network analysis and Wigner-type matrices


• Mixture model and Wishart-type matrices



Dimensionality Reduction
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 Heteroscedastic model
`i 2 {±1}, Xi|`i ⇠ N (`iµ,⌃i), ⌃i � ⌃.

1

                                                  
Low-rank:                         .E(X | `) = `µ>

1

X = (X1, · · · ,Xn)> 2 Rn⇥d

1

Gaussian Mixture Model
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Spectral Method

37

Related works:  Montanari and Sun 2018, Ndaoud 2018, Cai et al. 2019.

Hollowing
• improves concentration;
• helps tackle heteroscedasticity.

Spectral method 
1. Get the hollowed Gram matrix


                                                               ;

2.                                                                             .        

G = H(XX>) 2 Rn⇥n

1

SVD the 1st eigenvectorG

1

sgn(u)

1

u

1

Recall                         .E(X | `) = `µ>

1
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Theoretical Challenges
• Dependency:                has Wishart-type distribution.
‣ SBM: Wigner-type adjacency matrix.

• High dimensionality: most existing results require          .
‣ Clustering vs. parameter est.:
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Theoretical Challenges
• Dependency:                has Wishart-type distribution.
‣ SBM: Wigner-type adjacency matrix.

• High dimensionality: most existing results require          .
‣ Clustering vs. parameter est.:
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nku� ūk1 > 1, sgn(u) = sgn(ū)!
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ℓp Analysis: Linear Approximation

40

G = H(XX>) 2 Rn⇥n

1

is the 1st eigenvector of                                      ,u

1

40

p
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ℓp Analysis: Linear Approximation

41

G = H(XX>) 2 Rn⇥n

1

is the 1st eigenvector of                                      ,u

1

41

If                       , there exists              s.t."n ! 0

1

 Theorem
2  p . SNR

1

P
�
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nku� ūk2 > 1, sgn(u) = sgn(ū)!
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P(Aij = 1) =

(
p, if i, j or i, j

q, if i, j or i, j
.

|J | = |Jc| = n
2

SNR =
kµk42

k⌃k2kµk22 + k⌃k2F/n
� 1,

X̄X̄>

1



When                            :                        and


ℓp Analysis: Corollaries
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ℓp Analysis: Corollaries
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• Exact recovery w.h.p. when                       ;

• Error rate                        when                               .

 Corollary (optimal clustering,             )
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• Kmeans (Lu and Zhou 2016);

• Spectral (Vempala and Wang 2004, Jin et al. 2017, Ndaoud 2018, Löffler et al. 2019);


• SDP (Mixon et al. 2016, Royer 2017, Fei and Chen 2018, Giraud and Verzelen 2018, Chen and Yang 2018).
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Summary
Sharpness of spectral methods.


• Abbe, Fan, Wang and Zhong. Entrywise eigenvector 
analysis of random matrices with low expected rank. The 
Annals of Statistics, 2020+.


• Abbe, Fan and Wang. An ℓp analysis of kernel PCA and 
contextual network analysis. Manuscript.


Extensions

‣ ranking (CFMW, AoS 2019), topic models, ncvx optimization;

‣ statistical inference based on linear representation.


(alphabetical orders)
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Finding a Needle in a Haystack

45

Spectral methods are powerful but not omnipotent.

                                  : covariance
• Max variance    useful
• PCA:                        or

Seek for clustering-friendly projections!
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Example: Fashion-MNIST

46

70000 fashion products, 10 categories (Xiao et al. 2017).

• T-shirts/tops

• Pullovers

Visualization by PCA



A CURE for Clustering Problems

Clustering via Uncoupled REgression (CURE):


Wang, Yan and Diaz. Efficient clustering for stretched 
mixtures: landscape and optimality. Submitted.


‣ Clustering -> classification;

‣ Stat. and comp. guarantees under mixture models.
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Q & A



Thank you!


